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Abstract

One- and two-dimensional operators which originate from the asymptotic form
of the three-body Coulomb wave equation in parabolic coordinates are treated
within the context of a square integrable basis set. The matrix representations
of Green’s functions corresponding to these operators are obtained.

PACS numbers: 02.30.Gp, 03.65.Nk

1. Introduction

The three Coulomb (3C) wavefunctions [1, 2] have been introduced to approximate the three-
body continuum Coulomb wave function. The 3C wave functions, provide asymptotics for the
three-body wave functions in the region where the distances between the particles are large,
but are not physically acceptable when the particles are near to each other. In the past few
years many works have been published with different proposals to simply improve the 3C (see
[3-5] and references therein). In this paper we seek to consider the possibilities for computing
the three-body continuum Coulomb wavefunction which are afforded by expansion in a set of
square-integrable functions. For the purpose of clarity, we outline the derivation [6] of the 3C
wave functions.
The Hamiltonian of a three-body Coulomb system reads

1 1 VAVA YAYA VAVA
H=—K'+——K}+ 2122, 2293 2195 (1)
212 2us3 12 23 13
Here, K and k are the momenta conjugate to the Jacobi vectors R and r:
miry + mor
R=r —n, r=r3—M. 2)
mi+my
The reduced masses are
mimy (my +ma)ms
Hip = ———, M3 = ——————. 3)
mp +mop my+my+ms
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Inserting
v = ei(K~R+k-r)E (4)

into the Schrédinger equation

T
HV=EV(E=_—K+_—Kk ©))
2ur2 2us3
then yields
i(K-R+kr) 1 1 i i
e ————Ag—— A, — —K-Vg ——k -V,
20412 23 M2 3
Z\Z YAYA VAV 1 1 — . _
LLf Ll Lils K+ —k2:| U = iKReken) p (6)
2 r3 rs o 212 2143
ie.
1 1 i i Z\Zy ZhZy Z,Z5]—
— AR — —Ar— —K-Vg— —k- -V, + + + v =0. 7
2pr2 2p3 23] "3 T2 723 ri3
The differential operator
1 1 i i
D= AR+ — A+ —K-Vp+—k -V, (8)
2412 243 12 U3
is considered in terms of parabolic coordinates introduced by Klar [6]
£ = r +Kky -1y, n; = ris — K -1, )

where r;; and kK, are the relative coordinate and momentum vectors between the particles /
and s. Here j, [, s is a cyclic permutation of 1, 2, 3. Klar [6] proposed to split D into two parts

D = Dy+ D;. (10)

I R LR &

The D, term contains one-variable derivatives 56 B 95T Il whereas D; contains all mixed
J J j i

2 i : 92 . .
' Wf T ] # [ and o Thus t'he Dy term and C'oulomb 1nt$:ract10ns
form a leading term which provides a three-body continuum wavefunction that satisfies the
exact asymptotic boundary conditions for Coulomb systems in the limit of all particles being
far from each other. The operator D, is regarded as a small perturbation which does not violate

the boundary conditions [6]. Then the approximate equation

VAVASVAYA Z1Z3:|_
+ +

second derivatives

[_DO+ T=0 (11)

12 23 13
in terms of parabolic coordinates (9) reads
: 1
—————[hg, + hy, +2kist5] § ¥ =0, (12)
;ﬂls@:j"‘nj) ¢ !

Z1Z s — mumg B A
T s = 500 Here the operators hg; and h,,; are defined by

where 1, =

~

h 2( ag 9 + ik & a)
=2\ —/—sSjo— tksi— )
5 0g; Tog; T 0g;

13

A 9 d . d (13)

hy, = =2 —nj=— —ikin— ).
37’]j 37’]j 877j
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Equation (12) is separable with infinite number of solutions. The solution W can be represented
in product form: [6]

3
U =[]rE ) 14)

j=1
and each of the functions f;(&;, n;) is a solution of equation [6]
1
wis(; +n;)
The separation constants C; have to satisfy the constraint [6]

C1+C2+C3=0. (16)

[he, + hy, + 2kistis | 1o my) = —C 35 m)). (15)

Equation (15) is again separable; therefore the solution can be represented in the form
fiGj,n) =ujE)vin;). uj&;) and v;(n;) satisfy the equations [6]

[flgf +2klsAj + Mlscsj]uj(gj) = O’

. a7)
[y, + 2kisB; + pisCj v (ng) = 0,
where the separation constants A; and B; satisfy the constraint
Aj+Bj=[15. (18)

The separation constants must have the values C; = B; = 0 and A; = 1, for outgoing waves
(coordinate §;) or C; = A; = 0 and B; = 1;, for incoming waves (coordinate n;) [3]. Regular
solutions to (17) are [6]

uj(§j) = 1Fi(itls, 1; —ik;s§5) (vj(n;) = Land f;(&;, n;) = u;(§;)) (19)
for an outgoing wave, and
vi(n;) = 1 Fi(=itls, 1; ikin;) ;) =1land f;(;,n;) =v;(n;)) (20)

for an incoming wave. Thus a solution W with pure outgoing behavior can be written as a
product the of three independent two-body Coulomb wave functions:

3
Wse = [ Ju,&p. 1)

J=1

2. Formulation of the problem

One way to improve Wsc is to take into account (some terms of) D; that is expected to
describe short-range Coulomb correlations [6]. We propose to expand the wavefunction W in
a square-integrable function series

U= "ayl\), (22)
N
3
WY =[] buym, & 1) (23)
j=1

The parabolic Sturmian functions Dn;m; are used in (22) and (23),

d’nﬂty(éﬁ nj) =§0n,-(§j)‘ﬂm,-(77j), (24)
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@n(x) = V2be P L,(2bx), (25)

where b is the scale parameter. The summation in (22) is over n; and m; from 0 to co. The
basis set (25) has been used in the analysis of the Coulomb potential within the parabolic
formulation of the J-matrix method [10].

Let § denote the (long-range) operator which is obtained by multiplying the expression
in the figured brackets on the left-hand side of (12) by 1_[?:1 wis(&; + n;) (from left). The

(short-range) operator V is obtained by taking the product of H§=1 wis(§j +n;) and the part
of D that is taken into account.The projection of the equation

[h+ Vv =0 (26)
onto the functions |N') (23) yields an infinite set of equations in the coefficients a
[h+Via=0, (27)

where h and V are the matrices with elements (N 1IN and (N|V|N7), respectively, and a
is the vector with components a,. This equation can be rewritten, in view of the boundary
condition (21), in the form

a=a"—-p"'Va, (28)

where aj(\(;) = (N|W3c). R

It is suggested that the short-range operator V can be approximated by a finite-order
matrix V. The operator fj matrix b is infinite. Because of this, the six-dimensional resolvent
operator matrix & (that is the matrix inverse of ) should as far as possible be carried out

analytically. This is a complicated problem. Note that f can be written, in view of (12), (15)
and (16), as

b = wi3(E + m) (€ +13)01 + o3 (€ + 1) o (Es + 03)2 + a3 (&1 + 1)z (&2 + )b,
(29)

where
b = he, + hy, + 2kistis + s C (€5 + ;). (30)

In this paper we restrict ourselves to the construction of matrices of the Green’ functions
corresponding to the two-dimensional operators (30). First we consider the one-dimensional
operators

he + 2kt + CE, hy +2k(ty — 1)+ Cy (31)

(Here we omit the indices and the factor u;,, the constraint (18) is also taken into account.)
To treat these operators within the context of square-integrable basis set, the J-matrix method
[7, 8] or the tools of the ‘Tridiagonal Physics’ program (see [9] and the reference therein) can
be employed.

In section 3 using the tridiagonal matrix representations of one-dimensional operators (31)
in the bases (25), we construct the corresponding Green’s function matrices. In this case we do
not seek to determine Green’s matrices uniquely. In section 4 the weight function is obtained for
the orthogonal polynomials satisfying the three-term recurrence relation. The two-dimensional
Green’s function matrix elements are expressed as convolution of one-dimensional Green’s
matrix elements in section 5. An orthogonality relation employed in the two-dimensional
Green’s matrix construction is derived in appendix.

4
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3. One-dimensional Coulomb Green’s function matrices

(a)C =0

The matrix representation hg +2ktI¢ (I¢ is the unit matrix) of the operator h g +2kt in the basis
set {@n(§)}52 (25) is tridiagonal:

by d;
a by do 0
hy + 2ktl; = a by d; , (32)
a; X X
0 X X X
where
b, = (b +ik) + 2bn + 2kt, a, = (b —ik)n, d, = (b+ik)n. (33)

To construct the Green’s function matrix gg, which is matrix inverse of the infinite tridiagonal
matrix (32), consider the three-term recurrence relation

apWy—1 + bnwn + dn+lwn+1 =0, n 2l (34)
It can be easily verified that

(=)' T+1—in)
e VT

2Fi(—=n,it; —n +it5 7)), (35)
b—ik
b+ik °

po(t;0) =1, bopo(t; &) +dipi(t;¢) =0. (36)

Suffice to say that apart from the factor \/% (4—;'1)", Py s the coefficient of the nth basis function
@, (£) (25) in the expansion of u (&) (19). Note that p, are polynomials of degree n in 7.

The second solution g, of the recursion (34) can be obtained from the condition that g,
satisfies the same differential equation as p, [8]. In other words, if p, ~ > Fi(a, b; c; z), then
qn ~ "G F@—c+1,b—c+1;2—c; 7). Itis readily verified that an appropriate g, (¢; ¢)
is

where ¢ = is the ‘regular’ solution of (34) which satisfies the initial conditions:

(t: 7) nUA =10 p (a2 — i o)
Wt 8) = - ————~(— —it,n+1; —it;
WO = "2 Y 2N e £

T —ir n

__nrd=in fog Fi(n+tnstins2—in—). 37)

F'n+2—ir) \¢ —1 -1
This satisfies the initial condition

boqo(t; &) +diqi(t; &) = b —ik. (38)

Multiplying [hg + 2ktI¢] by the diagonal matrix Z = [1, ;‘1, ..., ¢7" ...], we obtain
the symmetric tridiagonal matrix T:

Bo a1
ar B 0
T = Z[h; +2kr1;] = w B o (39)
a3 x X
0 X X X
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with nonzero elements

-1
ﬂn:bn/é‘"’ o(n:dn/é‘n . (40)
Note that p, and g, satisfy the three-term recurrence relation
ApWp—1 + Iann t Wy Wyt = 07 nz L. (41)
Thus, to invert the symmetric tridiagonal matrix T, one can draw on the standard method

[11, 12]. Namely, the elements of a Green’s matrix gr, which is the matrix inverse to T, can
be determined by

Pu(t;8)qu(t; 8)
W(g,p)

Henceforward p and v are the greater and lesser of n and m, respectively. The Wronskian W
is defined as

g, ) = (42)

W(g, p) = aulqn(t; £) pu—1(t58) — gu-1(t; $) pu(t; £)]
=b—ik = =2ik <L> . 43)
-1
Green’s matrix g = [hg + Zktlg]‘1 isrelated to g7: g¢ = grZ. Therefore, we can express the
matrix g elements in the form

e = (2L, o 7 44)
gnm()_ﬁ N ﬁpu(af)qu(ail (

From (13) it follows that Green’s matrix g, = [h,+2kzL,]~" and g; are complex conjugates
(for real k and 7):

i (®) = (85, (1) (45)
Note that there is an ambiguity in determining the matrix g, since the solution g, (¢; ¢)
is not unique:

Gn(t;8) = qu(t;8) + y(O) pa(t; ), (46)
where y(#) is an arbitrary function of ¢, also satisfies (34).

(b)C #0
It is not difficult to convince oneself that the differential equation

[he + 2kt + CEJu(E) =0 (47)
is satisfied by the function

u(§) = e G, 1 —iyg), (48)

where

2C kooiy o i
y=k/1- 15, t:;(t+§)—§, (49)

Clearly, in the limit C = 0O the function (48) reduces to (19).
Because the operator &, evaluated in the basis (25), has the symmetric tridiagonal form

——n, n=n-—1,
2b
1
Ouw = E(Zn +1), n' =n, (50)
1
—%(n+l), n’=n+1,
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the matrix representation of the operator fzg + 2kt + C& is also tridiagonal. Thus,

by d;
a b & 0
hy + 2kt + CQ: = a by d; , (51)
az; X X
0 X X X
where
b, = (b+%+ik) +2<b+%>n+2kr,
C C (52)
anz(b—i—ik)n, d,,:(b—ﬁ+ik>n.

Then, if we consider the coefficients of the regular solution (48) expansion in the basis
set (25), we obtain that

su(t; C) = 0" pu(t; ¢), (53)
where
e . e 1 (54)
—i(y — k) 2b+i(y +k) 0

is the solution of the three-term recurrence relation
ApWy—1 + bnwn + dn+]wn+1 =0, n 2l (55)
It is easy to verify that two linearly independent second solutions of equation (55) can be
expressed in the form
N n!'T'(1 —it)
F'n+2—it)
n!T"(it)

F'n+1+it)

Note that the matrix hg + 2ktI: + CQg inversion procedure is simplified if we introduce
the symmetric tridiagonal matrix T:

¢ (t;C) = (-)" JFi (=it n+1n+2—it; ),
(56)

o (1; C) = (=)"6"! 2Fi(iT o+ Lin+ L+inigh.

Bo i
o B oa 0
T = Z[h; + 2ktT; + CQ;] = W B o . (57)
a3 X X
0 X X X

c .
b7¥71k
b— 5 +ik

Here Z is the diagonal matrix: Z = [1, X’l e x oo Lx =

’

The elements B,
and o, are given by

,Bn an/Xn: 273 :dn/Xn_l' (58)
Then, it is easy to check that s, and ¢, also satisfy the recursion equation

oy Wy—1 + ,ann t Opy | Wyt = 0, nzl, (59)
and the Wronskian

W (™, 5) = o, [cB (15 C)sum1 (15 C) — 2, (85 O)s (85 O)] (60)

n—1

7
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is independent of n. Namely,

C
W™, s)=b— — —ik = —2ik [ —X—) . 61)
2b x—1
Finally, given the two linearly independent solutions s, and ¢~ of equation (55), we can
express Green’s matrix g: = [h + 2ktI; + CQ:]~! elements in the form

su(t; O C) (X _ 1) grm+l

& (4- — _ . .
8hn 0 = S = o o Po(T 04T ). (62)

X

Clearly, Green’s matrix g, = [h, + 2ktL, + CQ,]~! is obtained from g¢ by replacing
t — —t,k — —k (this leaves kt unchanged).

4. Orthogonal polynomials p,,

In this section we obtain the weight function with respect to which the polynomials p, (35)
are orthonormal.

Kummer’s relation (15.3.7) in [13] expresses the solution ¢ as a combination of the
other two:

c(r; C) = {7 (x; C) +27i0p(x; {)sa(z; C), (63)
where
ra—-in)ra :
pirs ) = 0D e (64)
1

Henceforward it is considered that
larg(—=¢)| < 7. (65)
Consider the integral
() = / dep(z: 0). (66)
c

where C runs along the real axis, except for an infinitesimal indentation on the underside of
the pole 7 = 0; see figure 1. By closing the contour in the upper half of the complex t-plane

Z(¢) is reduced to the sum of the residues at the poles 7, =i¢,£ =0, 1, ..., oc:
=1
Q) =—iy, o (67)
£=0
ie.
ig
¢) = —. 68
© =1 (68)
Note that for Im(¢) # 0 (65) implies that
it
1 _§e27rr ’ - < arg(;) <0,
p(t;¢) = [ (69)
W, O<arg(§)<7t
Using the Sokhotsky formula we obtain
. .
i
I(§)=7’/ dfp(f;é“)—E- (70)
—o0
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In this case (69) provides the convergence of the principal-value integral on the right hand side
of (70).
Clearly, integrals

/drp(r;i)pn(r;ﬁ)pm(r;g“) (71
c
can be expanded in terms of derivatives of (66). It is now easy to obtain that
i (¢—-1
o\ dzp (5 O pa(T; ©) P (T3 §) = Sum, (72)
c

i.e. p (64) is the weight function for the orthogonal polynomials p, (35).
For Im(¢) # 0 we can rewrite the orthonormality relation (72) as

i ; - 1 & 1 n+m
é__n T P dzo(t; O pu(t; O pm(T: &) — E(_l) = 8um» (73)
where the weight function p in the form of (69) is used. Note that in the case of C = 0 we
have ¢ = el ¢ < 0, and the weight function reduces to

e ¥
po(t; §)=m~ (714)
It is preferable, however, to use the weight function
_ i P(; —is)D(3+is)

o) =p(s—5i¢) = S (O (75)
It is readily verified that

/ dso(s; &) = (76)

—00 1— ;

and therefore

o1\ (% ) i LA

L) [Curon( bl b

It may be remarked that the polynomials p, are discrete analogues of the charge parabolic
Coulomb Sturmians introduced in [14].

5. Two-dimensional Green’s function matrices

In this section we obtain a matrix representation G(#y; C) of Green’s function (resolvent) of
the operator

b = he +hy +2kto + C(E +1). (78)
Formally G(#y; C) is the matrix inverse of the infinite matrix

h=h L, +1: ®h, +2kt)]; L, + C(Q: ® I, +I: ® Q,), (79)
ie.

hG(1o: C) = I ®1,. (80)
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©

c

Figure 1. The path of integration C in (66).

(a)C =0
The elements of G(ty) = G(#y; 0) can be expressed as a convolution integral (see, e.g. [15])
Gy (10) = / degs, (D)0, (10 = 1), 81)

Co

where the integrand contains functions gﬁm and g, that are proportional to the one-
dimensional Green’s function matrix elements (the non-uniqueness (46) of the solution g,
is taken into account):

N 1 (¢—1Y\ 1
gﬁm(t) = i (T) é__mpv(t; E)[Asqu(l‘; 2) +xu(t)pu(t; 2)1B, (82)

and
g, = i(: — D" pu(—t; ¢ VA (=15 ¢ + v, (O pu (=15 ¢ HID,. (83)

Inserting (81)—(83) into (80) then gives the restriction on the factors A¢ and A,, functions
{x,()};2, and {y,(1)},2,, diagonal matrices B = [By, By, ...] and D = [Do, Dy, ...], and
the path of integration Cy, namely,

Arlez'/ dr gilml(l) = Unlmz(sﬂlml’ (84)

Co

AéBml / dtg;?sz (tO - t) = lenz‘Snzmz: (85)
Co

Unimy + Vinn, = 1. (36)

If we choose the contour C (see figure 1) as the path of integration in (81) (and (84), (85)),
we can draw on the orthonormality relation (72) to determine the rest of the parameters. In
this case we readily check that, in particular, the set: Az = 0, x,(t) = 27ipo(t;¢), A, =
%, yu(t) =0, B, = D, = 1, satisfies conditions (84)—(86), and hence the elements G, m,m,
can be expressed in the form

. 1 o
Ginymim, (10) = # <§T> <7’/ dtpo(t; &) Py (£5 8) P, (85 $) 81ty (B0 — 1)

—%(—D"l*’”'g,’zzmz (m)) . (87)

Further, combining (72) with (A.1) and (45), we can obtain another allowable sets of the
parameters. For instance, Az = 1, x,,(t) = 2wipy(t; £), A, = 5, yt)=0,B,=D, =1.

10
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(b)C #£0
The elements of the matrix G(#p; C) may be written as the convolution integral
oo
Gonynamim, (105 €) = / dsg;, ., (t; O)g),,, (o — 1; C), (88)

where s = f(t + %) andt =5 — % (see (49)). Here, the non-uniqueness of only g; is taken

into consideration for simplicity, i.e. gﬁm and g, are taken to be

: i X — 1 9/1+m+1
& C) = %\ ) Po(T3 OI[A:qu (T3 8) +x,(T) (T £)1Bp, (89)
i (x —Dx" k ko
"(ty—1,C) = —-—"——""—p, — —1o; — —1o; . 90
gnm( 0 ) 2% 9n+m+l P <7: y 0 C qu | T y 0 C ( )

The integration over s in (88) is performed on the assumption that s and C () are independent
of one another.

Allowable parameters Ag, x,(t) and B,, can be determined by substituting (88)—(90)
into (80). For instance, putting A = 0 and x,(r) = 2kp(z;¢), we obtain B, =
92,}”1 ((f(:i; (%)mﬂ. Thus the matrix elements of the two-dimensional Green’s function can
be written in the form

. 1 o
Gryny.mimy (103 C) = # <§—> o™ / ds o (s; 8) P, (T3 8) Py (T3 §) 8, (B0 — 15 C).

¢ 00
oD

6. Conclusion

The six-dimensional Green’s function matrix & can be expressed as a convolution integral

§=f/ dCidCaG (1235 123 C1) ® Ga(t13; 113C2) @ G3(t2; —u12(Cr + C2)) (92)

over the separation constants C; and C, (the constraint (16) is taken into account). Here
G (#5; i5Cj) are the two-dimensional Green’s function matrices obtained in the previous
section. Note that C; = —ﬁ(yjz — klzs) plays the role of the energy. Before we can use
the integral (92), we need to study the properties of G (#;; s C;) considered a functions of
C;. In particular, for G;(#;; (;5C;) an analogue of the orthogonality relation (A1) should be
obtained.
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Appendix. One useful orthogonality relation

In this appendix we derive the orthogonality relation

2ik [
T gl (1) = 8. (A1)

—0Q
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Using the integral representation (equation (15.3.1) in [13]) of the hypergeometric function
in (37), we can rewrite the integral on the left-hand side of (A.1) in the form

1 ¢\ 1 /! xh OO o\ it In(1=x)
(5) &= iy [ @0 0

-1
Note that the integral over ¢ in (A.2) consists of integrals

00 ] d 4
/ dr (—ip)t e n0=0) = 27 |:(x — 1)—} 8(x), e<v<u, (A3)
oo dx
i.e. is expressed in terms of derivatives of the delta function. Further, introducing the function
xt(x — 1))
yj(x) = T (A.4)
(1-xz5)"
1
we obtain
1 w! ;
1 __1‘6(2)0:__]Z+j’ { = ,
zi= [ o080 =270 O=7C0 " (A5)
0 0, < pu.

From (A.5) it follows that the integral in (A.2) is nonzero if n = m(=v = w). In this case
the only contribution to the integral comes from the leading term of the polynomial p, (¢; ¢)
(which is equal to # (¢ — 1)"(—ir)™). Thus, we obtain for (A.2):

l<_§ )nil( "2, = 1 (A.6)
T \¢—1 ;"n!g_ T Enn = ’
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